The paper extends Blackburn and Galindev (2003) ' s stochastic growth model in which productivity growth entails both external and internal learning behaviour with a Constant Relative Risk Aversion utility function and productivity shocks. Consequently, the relationship between long-term growth and short-term volatility depends not only on the relative importance of each learning mechanism but also on a parameter measuring individuals' attitude towards risk.
Introduction
The nature of the relationship between cyclical volatility (uncertainty) and secular growth has generated a growing interest both empirically and theoretically. 1 The topic is particularly important for the long-run implications of economic policies designed to mitigate short-run cyclical volatility. 2 Empirical evidence based on individual time series and cross section data shows an ambiguity in the sign of the relationship (see Kneller and Young (2001) for a review of the evidence). This has inspired theorists to explore potential mechanisms that could generate the ambiguity in the underlying relationship.
Contributions by De Hek (1999), Jones et al. (2005) , Smith (1996) and Varvarigos (2007) consider the Constant Relative Risk Aversion utility function and uncertainty to production technology and show that the e¤ect of uncertainty on growth depends fundamentally on the individuals' attitude towards risk. According to these analyses, the more (less) risk averse an agent, more likely that increased uncertainty will lead to a higher (lower) growth by increasing (decreasing) the amount on which productivity growth depends. In addition, De Hek (2005) shows that not only the individuals' attitude towards uncertainty but also returns to scale in knowledge creation matter for the relationship between growth and uncertainty. 3 Blackburn and Pelloni (2004) show that the nature of the shocks (whether they are real or nominal) can explain the ambiguity on the relationship between growth and volatility in a stochastic monetary growth model. The contribution particularly interesting to us is Blackburn and Galindev (2003) . They consider a model with a logarithmic utility function and preference shocks in which productivity growth entails both external (serendipitous) and internal (deliberate) learning behaviour. They show that the relationship between growth and volatility depends on the relative importance of each learning mechanism. More precisely, when external learning is more important than internal learning, the underlying relationship is negative, and vice versa. One disadvantage of the models with a logarithmic utility function, especially the additive structure of utility of consumption and leisure, is that technology shocks do not have any e¤ects on the optimal allocation of time endowment. This seems to be the reason why preference shocks are commonly used in order to facilitate an environment to study the relationship between growth and volatility in analytically tractable models. A recent contribution by Blackburn and Varvarigos (2006) , however, overcomes this problem by considering an utility function that the marginal rate of substitution between consumption and labour is independent of the level of consumption. In their analysis based on a model with both technology and preference shocks and both internal and external learning, they …nd that the relationship between growth and volatility depends on not only the relative importance of each learning but also the relative dominance of the source of ‡uctuations. The present paper extends the model of Blackburn and Galindev (2003) by specifying a CRRA utility function, and productivity shocks rather than preference shocks. 4 The main conclusions from this analysis are two fold. First, this introduces the added dimension of individuals' attitude towards risk to the framework. More precisely, the results of Blackburn and Galindev (2003) resemble those derived from a special case of the general model in which preferences are more curved than the logarithmic utility function, providing to satisfy an additional condition. However, their results are reversed for the case where the utility function is less curved than the logarithmic utility -i.e., agents with a su¢ciently low degree of risk aversion. The implication is that the relative dominance of one learning mechanism over another is not su¢cient to unambiguously predict the sign of the relationship between growth and volatility.
Second, I show the case where the optimal allocation of time spent learning could decrease in response to an increase in uncertainty even if agents have a su¢ciently high degree of risk aversion. This result has not, to my knowledge, been established in the literature.
The remainder of this paper is organised as follows. Section 2 sets up the model. Section 3 solves for the stochastic dynamic general equilibrium and discusses the main results. Section 4 concludes.
Model
Time is discrete and indexed by t = 0; 1; :::; 1. The economy consists of a …xed population (normalised to one) of identical, in…nitely-lived agents who are both producers and consumers of a single commodity. The representative agent maximises the following expected lifetime utility:
where C t denotes consumption, L t denotes leisure and the term measures the household's attitude towards risk (and 1= is the elasticity of intertemporal substitution). When = 1, the preferences converge to the logarithmic function which is considered in Blackburn and Galindev (2003) . Since we abstract from saving and government spending, consumption is equal to output. The agent produces output, C t , by combining his labour, N t , and knowledge or productivity, Z t , in accordance with the production function:
Knowledge is endogenous and evolves according to:
Productivity growth in Eq. (3) is the result of both internal (deliberate) and external (non-deliberate) learning behaviour. The former is represented by S t , the amount of time that the agent devotes intentionally to improving his own productivity (e.g., through formal education, training and research). The latter is approximated by N t , the aggregate level of employment which captures the extent of knowledge spillovers among agents and which each agent takes rationally as given. The relative importance of each learning mechanism for productivity growth is measured by the parameters and . The critical value of these parameters in the face of uncertainty such that both types of learning behaviour are equally important for productivity growth will be discussed below. The term, A t+1 , is a productivity shock which is an identically and 3 independently distributed random variable with unit mean and a constant variance,
The agent is assumed to have one unit of time that can be allocated between leisure, producing output and improving productive e¢ciency:
The agent allocates this endowment to maximise the expected lifetime utility in Eq.
(1) subject to Eqs. (2), (3) and (4). The …rst order condition with respect to N t yields the following relationships:
The …rst order condition with respect to time spent learning is:
where E t is the expectations operator. The left hand side expression in Eq. (7) represents the marginal cost of spending one unit of time on learning in terms of forgone leisure while the right hand side expression shows its marginal bene…t in terms of an increase in expected marginal utility of consumption. Substituting Eqs.
(2) and (3) into Eq. (7), one can obtain the following expression:
According to the expression in Eq. (8), the optimal policies for time spent learning, S t , and working, N t , hence leisure, L t , are not a¤ected by the realisation of the shock in the current period, A t . The reason is that A t is deliberately assumed to be an iid shock to the growth rate of productivity in Eq. (3), for simplicity as it enables us to get the results that follow analytically. The intuition is that a positive shock acts as a permanent shock, implying a level e¤ect on all future output through its direct e¤ect on productivity growth hence a level e¤ect on the optimal time allocation in the current period is neutral. For example, a positive shock, A t , increases N t by increasing its marginal productivity which leads to a decrease in S t . On the other hand, the same shock also increases S t by increasing through an increase in Z t . The opposite e¤ects cancel each other out hence and S t and N t are left una¤ected. This implies that the optimal policies for leisure, time spent working and learning are constant over time -i.e., L t = L, N t = N and S t = S for any t for a given variance of the shock, 2 a . Substituting these policies together with the equilibrium condition, N t = N t , and Eq. (6) into Eq. (8), we obtain:
The expression in Eq. (9) shows the relationship between uncertainty, captured by E(A 1 t+1 ) due to 2 a > 0, and the optimal policies for time spent learning, S, hence time spent working, N , in Eq. (5), and leisure, L, in Eq. (6). The results are summarised in the following Proposition.
Proposition 1 if = 1, an increase in uncertainty has no e¤ect on S, N and L. If 0 < < 1, increased uncertainty has a negative e¤ect on S hence a positive e¤ect on N and L. If 1 < where = ( + 1)= , increased uncertainty has a positive e¤ect on S hence a negative e¤ect on N and L. If > , there will be S such that for S < S an increase in uncertainty has a positive e¤ect on S hence a negative e¤ect on N and L while the opposite happens for S > S .
Proof. It is obvious that if = 1 -i.e., the instantaneous utility function converges to log(C t ) + log(L t ), then uncertainty has no in ‡uence on the optimal policy for S as E(A (1 S) 1+ (1 ) and =
()
( + ) 1+ (1 ) . It is straightforward to verify that is a monotonically increasing function of S for any 2 (0; 1], 2 (0; 1] and 0 < , but a non-monotonic function for > . In the case where 0 < < 1, a mean preserving spread in the distribution of the shock A t+1 leads to a decrease in E(A 1 t+1 ). In response to this, S must decrease to restore the equilibrium. If 1 < , a mean preserving spread in the distribution of the shock A t+1 increases E(A 1 t+1 ). In response to this, S must increase to restore the equilibrium. There is an interesting new case to the literature that arises for > . Taking the …rst order derivative of with respect to S and setting the result equal to zero yields S = 1+ ( 1) ( + ) ( 1) which lies between zero and one as long as > . The second order derivative of with respect to S at S is found to be negative. This implies that exhibits an inverted-U shape. Moreover, there exist multiple equilibria for S. The …rst equilibrium is in the interval, S < S while the second is in S > S . Since E(A 1 t+1 ) is an increasing function of 2 a , the economy will …nd it optimal to increase (decrease) time spent learning to restore the equilibrium in the …rst (second) equilibrium. The e¤ect of uncertainty on the optimal policies for leisure and time spent working can be easily proven using Proposition 1 and Eqs. (5) and (6) .
Intuitively, for 0 < and > with S < S , Proposition 1 is consistent with the well-known results in the literature -the more (less) anxious an agent is to smooth consumption over time, it is more likely that increased uncertainty leads to an increase (decrease) in precautionary investments in human or physical capital (e.g., De Hek, 1999; Smith, 1996; Jones et al., 2005; Varvarigos, 2007) . The result in the case of > with S > S ; however, con ‡icts the above results and has not, to my knowledge, been established in the literature. It is surprising to think that an increase in uncertainty leads to a fall in the precautionary investment in human capital for an agent who has a su¢ciently high degree of risk aversion. This scenario arises because of the existence of external learning, captured by . It can be seen that as converges to zero, converges to in…nity. In the limit when = 0 -i.e., external learning for productivity growth is unimportant, = 1, implying that Proposition 1 is totally consistent with the above results in the literature. Empirically, common choice of values for range between 1 and 4. These values can be covered if 1=3. However, the greater the value of , it is more likely that the non-monotonic e¤ect of uncertainty on time spent learning will exist. For example, = 1, = 2 which implies that for half of the commonly used values of , we could observe two equilibria and the e¤ect of uncertainty on time spent learning is di¤erent from one equilibrium to the other.
Uncertainty and Output Growth
We have now arrived at the point where we are able discuss the e¤ect of uncertainty on the growth rate of knowledge and output. Let us substitute the optimal policies for S and N into Eqs. (2) and (3) and obtain the actual growth rate of output between two consecutive periods:
Since the optimal policies for S and N are independent of the realisation of the shock, A t+1 , the mean of this growth can be written as follows:
According to the expression in Eq. (19), uncertainty can have ambiguous e¤ects on M ean(g) through its opposite and ambiguous e¤ects on S and N . Suppose that we obtain e S and e N hence M ean(e g) for every , for a given 2 a , using Eq. (9). By log-linearising the expression in Eq. (11) around these values we can determine the e¤ects of an increase in
, b s = log(S) log( e S) and b n = log(N ) log( e N ), we then obtain
In order to express the right hand side of Eq. (12) in terms of one variable, we can log-linearise the time constraint in Eq. (5) around e S and e N . Accordingly,
Substituting Eq. (13) into Eq. (12) yields
The expression in Eq. (14) says that b g could be positive, negative or zero depending on the value of e S ( + ) e N and the value of b s. From Proposition 1, we know that b s < 0 for 0 < < 1 and > with S > S , b s = 0 for = 1, and b s > 0 for 1 < and with S < S . From Eq. (9), we see that both e S and e N are determined by the model parameters, including and for the given variance of the shock, implies that internal learning is relatively more important for productivity growth than external learning whenever S deviates from e S. If the opposite is true, external learning is relatively more important. For the rest of the analysis, we employ the following simple conjecture. For e S; e N and , we can obtain a critical value, = e S ( + ) e N , such that b g = 0 -i.e., each type of learning is equally important. Under such circumstances, the case in which > implies that internal learning is relatively more important for productivity growth than external learning. The case where < implies that external learning is more important.
5
The e¤ects of uncertainty on growth are summarised in the following Proposition. The intuition of Proposition 2 is following. In case (i), internal learning is relatively more important than external learning for productivity growth. When agents allocate more time towards deliberate learning due to increased uncertainty, growth is positively a¤ected. In case (ii), agents allocate less time towards learning hence more time to working in response to increased uncertainty. Since external learning is relatively more important for productivity growth than internal learning, uncertainty 5 Alternatively, for e S; e N and ; we obtain a critical value, = ( + ) e N e S ; such that b g = 0: Then we conjecture that if > , external learning is more important for productivity growth and vice versa.
has a positive e¤ect on growth. In case (iii), agents increase time spent learning by decreasing time spent working in response an increase in uncertainty which leads to a lower growth as external learning happens to be a dominant determinant of productivity growth. Case (iv) shows the possibility that agents decrease time spent learning by increasing time spent working in the face of high uncertainty which leads to a lower growth when internal learning is more important for productivity growth. Case (v) shows that both learning mechanism are equally important hence changes in time spent working or learning due to changes in uncertainty has no e¤ect on growth. Case (vi) shows that agents do not respond to changes in uncertainty hence growth is una¤ected regardless of the relative importance of each learning mechanism for productivity growth.
The result in the cases of 1 < and > with S < S resemble those reached by Blackburn and Galindev (2003) : an increase in the variance of the shock has a positive e¤ect on growth if productivity growth is predominantly determined by internal learning -e.g., case (i), and vice versa -e.g., case (iii). These results can be reversed in the cases of 0 < < 1 and > with S > S .
Conclusion
The paper extends the model of Blackburn and Galindev (2003) by considering the CRRA utility function and productivity shocks. Under these more general circumstances, it shows that the e¤ect of uncertainty on growth depends not only on the relative importance of alternative learning mechanisms for productivity growth suggested by Blackburn and Galindev (2003) , but also on individuals' attitude towards risk suggested by De Hek (1999), Smith (1996) where the utility function is more curved than logarithmic (expect for the controversial case where > with S > S ): an increase in the volatility of the shock increases (decreases) growth when internal (external) learning is more important for productivity growth. Their results are, however, reversed if the utility function is less curved than the logarithmic function. For example, internal learning is relatively more important for technological change but agents have a su¢ciently low degree of risk aversion. An increase in uncertainty has a negative e¤ect on time spent learning and growth.
